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Abstract: We give a geometric classification of complex 4-dimensional nilpotent CD-algebras. The corresponding geometric
variety has dimension 18 and decomposes into 2 irreducible components determined by the Zariski closures of a two-parameter
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INTRODUCTION
There are many results related to the algebraic and geometric classification of low-dimensional algebras in the varieties of
Jordan, Lie, Leibniz and Zinbiel algebras; for algebraic classifications see, for example, [3, 6–8, 18, 21, 26, 31]; for geometric
classifications and descriptions of degenerations see, for example, [3–7, 11–14, 17–21, 23, 25–29, 31–33, 35, 37, 39, 40]. In the
present paper, we give algebraic classification of nilpotent CD-algebras. This is a new class of non-associative algebras intro-
duced in [3]. The idea of the definition of a CD-algebra comes from the following property of Jordan and Lie algebras: the
commutator of any pair of multiplication operators is a derivation. This gives three identities of degree four, which reduce to
only one identity of degree four in the commutative or anticommutative case. Commutative and anticommutative CD-algebras
are related to many interesting varieties of algebras. Thus, anticommutative CD-algebras is a generalization of Lie algebras, con-
taining the intersection of Malcev and Sagle algebras as a proper subvariety. Moreover, the following intersections of varieties
coincide: Malcev and Sagle algebras; Malcev and anticommutative CD-algebras; Sagle and anticommutative CD-algebras. On
the other hand, the variety of anticommutative CD-algebras is a proper subvariety of the varieties of binary Lie algebras and
almost Lie algebras [34]. The variety of anticommutative CD-algebras coincides with the intersection of the varieties of binary
Lie algebras and almost Lie algebras. Commutative CD-algebras is a generalization of Jordan algebras, which is a generalization
of associative commutative algebras. On the other hand, the variety of commutative CD-algebras is the variety of almost-Jordan
algebras (sometimes, called Lie triple algebras) [16,36,38] and the bigger variety of generalized almost-Jordan algebras [1,2,15].
The n-ary version of commutative CD-algebras was introduced in a recent paper by Kaygorodov, Pozhidaev and Saraiva [30].
Commutative CD-algebras are also related to assosymmetric algebras [9].
Motivation and contextualization. Given algebrasA and B in the same variety, we write A→ B and say that A degenerates
to B, or that A is a deformation of B, if B is in the Zariski closure of the orbit of A (under the base-change action of the
general linear group). The study of degenerations of algebras is very rich and closely related to deformation theory, in the sense
of Gerstenhaber [10]. It offers an insightful geometric perspective on the subject and has been the object of a lot of research.
In particular, there are many results concerning degenerations of algebras of small dimensions in a variety defined by a set of
identities. One of the main problems of the geometric classification of a variety of algebras is a description of its irreducible
components. In the case of finitely-many orbits (i.e., isomorphism classes), the irreducible components are determined by the
rigid algebras — algebras whose orbit closure is an irreducible component of the variety under consideration. The algebraic
classification of complex 4-dimensional nilpotent CD-algebras was obtained in [22], and in the present paper we continue the
study of the variety by giving its geometric classification.
1 The authors thank Prof. Dr. Pasha Zusmanovich for discussions about CD-algebras.
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2Main result. The main result of the paper is Theorem 2, in which we prove that the variety of complex 4-dimensional nilpotent
CD-algebras has 2 irreducible components of dimensions 15 and 18.
1. DEGENERATIONS OF ALGEBRAS
Given an n-dimensional vector space V, the set Hom(V ⊗V,V) ∼= V∗ ⊗V∗ ⊗V is a vector space of dimension n3. This
space inherits the structure of the affine varietyCn
3
. Indeed, let us fix a basis e1, . . . , en ofV. Then any µ ∈ Hom(V⊗V,V) is
determined by n3 structure constants cki,j ∈ C such that µ(ei⊗ej) =
∑n
k=1 c
k
i,jek. A subset ofHom(V⊗V,V) is Zariski-closed
if it can be defined by a set of polynomial equations in the variables cki,j (1 ≤ i, j, k ≤ n).
The general linear groupGL(V) acts by conjugation on the variety Hom(V ⊗V,V) of all algebra structures onV:
(g ∗ µ)(x ⊗ y) = gµ(g−1x⊗ g−1y),
for x, y ∈ V, µ ∈ Hom(V ⊗ V,V) and g ∈ GL(V). Clearly, the GL(V)-orbits correspond to the isomorphism classes
of algebras structures on V. Let T be a set of polynomial identities which is invariant under isomorphism. Then the subset
L(T ) ⊂ Hom(V⊗V,V) of the algebra structures onV which satisfy the identities in T isGL(V)-invariant and Zariski-closed.
It follows that L(T ) decomposes into GL(V)-orbits. The GL(V)-orbit of µ ∈ L(T ) is denoted by O(µ) and its Zariski closure
by O(µ).
LetA andB be two n-dimensional algebras satisfying the identities from T and µ, λ ∈ L(T ) representA andB respectively.
We say that A degenerates to B and write A → B if λ ∈ O(µ). Note that in this case we have O(λ) ⊂ O(µ). Hence, the
definition of a degeneration does not depend on the choice of µ and λ. If A → B and A 6∼= B, then A → B is called a proper
degeneration. We write A 6→ B if λ 6∈ O(µ) and call this a non-degeneration. Observe that the dimension of the subvariety
O(µ) equals n2 − dimDer (A). Thus if A→ B is a proper degeneration, then we must have dimDer (A) > dimDer (B).
Let A be represented by µ ∈ L(T ). Then A is rigid in L(T ) if O(µ) is an open subset of L(T ). Recall that a subset of a
variety is called irreducible if it cannot be represented as a union of two non-trivial closed subsets. A maximal irreducible closed
subset of a variety is called an irreducible component. It is well known that any affine variety can be represented as a finite union
of its irreducible components in a unique way. The algebraA is rigid in L(T ) if and only if O(µ) is an irreducible component of
L(T ).
In the present work we use the methods applied to Lie algebras in [13, 14]. To prove degenerations, we will construct
families of matrices parametrized by t. Namely, let A and B be two algebras represented by the structures µ and λ from L(T ),
respectively. Let e1, . . . , en be a basis of V and c
k
i,j (1 ≤ i, j, k ≤ n) be the structure constants of λ in this basis. If there exist
a
j
i (t) ∈ C (1 ≤ i, j ≤ n, t ∈ C
∗) such that the elements Eti =
∑n
j=1 a
j
i (t)ej (1 ≤ i ≤ n) form a basis of V for any t ∈ C
∗,
and the structure constants cki,j(t) of µ in the basis E
t
1, . . . , E
t
n satisfy lim
t→0
cki,j(t) = c
k
i,j , then A→ B. In this case E
t
1, . . . , E
t
n
is called a parametric basis forA→ B.
To prove a non-degenerationA 6→ B we will use the following lemma (see [13]).
Lemma 1. Let B be a Borel subgroup of GL(V) and R ⊂ L(T ) be a B-stable closed subset. If A → B and A can be
represented by µ ∈ R then there is λ ∈ R that representsB.
In particular, it follows from Lemma 1 thatA 6→ B, whenever dim(A2) < dim(B2).
When the number of orbits under the action of GL(V) on L(T ) is finite, the graph of primary degenerations gives the whole
picture. In particular, the description of rigid algebras and irreducible components can be easily obtained. Since the variety of
4-dimensional nilpotent CD-algebras contains infinitely many non-isomorphic algebras, we have to fulfill some additional work.
Let A(∗) := {A(α)}α∈I be a family of algebras and B be another algebra. Suppose that, for α ∈ I , A(α) is represented by a
structure µ(α) ∈ L(T ) and B is represented by a structure λ ∈ L(T ). Then byA(∗)→ B we mean λ ∈ ∪{O(µ(α))}α∈I , and
byA(∗) 6→ B we mean λ 6∈ ∪{O(µ(α))}α∈I .
Let A(∗), B, µ(α) (α ∈ I) and λ be as above. To prove A(∗) → B, it is enough to construct a family of pairs (f(t), g(t))
parametrized by t ∈ C∗, where f(t) ∈ I and g(t) =
(
a
j
i (t)
)
i,j
∈ GL(V). Namely, let e1, . . . , en be a basis of V and c
k
i,j
(1 ≤ i, j, k ≤ n) be the structure constants of λ in this basis. If we construct aji : C
∗ → C (1 ≤ i, j ≤ n) and f : C∗ → I such
that Eti =
∑n
j=1 a
j
i (t)ej (1 ≤ i ≤ n) form a basis of V for any t ∈ C
∗, and the structure constants cki,j(t) of µ
(
f(t)
)
in the
3basis Et1, . . . , E
t
n satisfy lim
t→0
cki,j(t) = c
k
i,j , thenA(∗)→ B. In this case, E
t
1, . . . , E
t
n and f(t) are called a parametric basis and
a parametric index for A(∗) → B, respectively. In the construction of degenerations of this sort, we will write µ
(
f(t)
)
→ λ,
emphasizing that we are proving the assertion µ(∗)→ λ using the parametric index f(t).
2. THE ALGEBRAIC CLASSIFICATION OF COMPLEX 4-DIMENSIONAL NILPOTENT CD-ALGEBRAS
The algebraic classification of complex 4-dimensional nilpotent CD-algebras was obtained in the following three steps.
(1) Trivial non-anticommutative CD-algebras were classified in [8, Theorem 2.1, Theorem 2.3 and Theorem 2.5], and the
only trivial anticommutative CD-algebra is CD4∗03 from [22];
(2) Non-trivial non-Leibniz terminal extensions of the algebra CD3∗04(λ) were classified in [24, 1.4.5. 1-dimensional central
extensions of T3∗04]. All of them are CD-algebras.
(3) Non-trivial Leibniz terminal extensions of CD3∗04(λ) were found in [28]. All of them are CD-algebras.
(4) The rest of algebras were found in [22] and are listed below:
CD
4
01 : e1e1 = e2 e2e2 = e3
CD
4
02 : e1e1 = e2 e2e1 = e3 e2e2 = e3
CD
4
03 : e1e1 = e2 e2e1 = e3
CD
4
04(λ) : e1e1 = e2 e1e2 = e3 e2e1 = λe3
CD
4
05 : e1e1 = e2 e2e1 = e4 e2e2 = e3
CD
4
06 : e1e1 = e2 e1e2 = e4 e2e1 = e3
CD
4
07(λ) : e1e1 = e2 e1e2 = e4 e2e1 = λe4 e2e2 = e3
CD
4
08(α) : e1e1 = e2 e1e3 = e4 e2e1 = e3 e2e2 = αe4 e3e1 = −2e4
CD
4
09 : e1e1 = e2 e1e2 = e4 e1e3 = e4
e2e1 = e3 e2e2 = −e4 e3e1 = −2e4
CD
4
10(α) : e1e1 = e2 e1e2 = e3 e1e3 = −e4
e2e1 = e3 + e4 e2e2 = αe4 e3e1 = −e4
CD
4
11(λ) : e1e1 = e2 e1e2 = e3 e1e3 = (λ− 2)e4
λ 6= 1 e2e1 = λe3 + e4 e2e2 = −(λ+ 1)2e4 e3e1 = (1 − 2λ)e4
CD
4
12(α, λ) : e1e1 = e2 e1e2 = e3 e1e3 = (λ− 2)e4
e2e1 = λe3 e2e2 = αe4 e3e1 = (1 − 2λ)e4.
CD
4
13(α) : e1e1 = e2 e1e2 = e4 e1e3 = e4 e2e1 = e4
α 6= 1
2
e2e3 = αe4 e3e1 = e4 e3e2 = (α+ 1)e4
CD
4
14(α, β) : e1e1 = e2 e1e2 = e4 e1e3 = αe4 e2e1 = e4
e2e2 = e4 e3e1 = αe4 e3e2 = e4 e3e3 = βe4
CD
4
15(α) : e1e1 = e2 e1e2 = αe4 e1e3 = e4 e2e1 = (α+ 1)e4 e3e1 = e4
CD
4
16 : e1e1 = e2 e1e2 = e4 e2e1 = e4
e2e3 = − 12 e4 e3e2 = 12 e4 e3e3 = e4
CD
4
17(α) : e1e1 = e2 e1e2 = e4 e2e1 = e4 e2e3 = αe4 e3e2 = (α+ 1)e4
CD
4
18(α) : e1e1 = e2 e1e2 = αe4 e2e1 = (α+ 1)e4 e3e3 = e4
CD
4
19 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e1 = e4 e3e3 = e4
CD
4
20 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e1 = e4
CD
4
21(α) : e1e1 = e2 e1e3 = αe4 e2e1 = e4 e2e2 = e4
e2e3 = e4 e3e1 = αe4 e3e2 = e4 e3e3 = e4
CD
4
22 : e1e1 = e2 e1e3 = e4 e2e3 = − 12 e4
e3e1 = e4 e3e2 =
1
2
e4 e3e3 = e4
CD
4
23(α) : e1e1 = e2 e1e3 = e4 e2e3 = αe4 e3e1 = e4 e3e2 = (α+ 1)e4
CD
4
24(α) : e1e1 = e2 e1e3 = e4 e2e2 = e4
e3e1 = e4 e3e2 = e4 e3e3 = αe4
CD
4
25 : e1e1 = e2 e1e3 = e4 e2e1 = e4 e3e1 = e4 e2e2 = e4
CD
4
26(α) : e1e1 = e2 e1e3 = αe4 e2e2 = e4 e3e1 = (α+ 1)e4
CD
4
27 : e1e1 = e2 e2e1 = e4 e2e3 = e4 e3e2 = e4 e3e3 = e4
CD
4
28(α) : e1e1 = e2 e2e1 = e4 e2e2 = e4
α 6= 1 e2e3 = e4 e3e2 = e4 e3e3 = αe4
CD
4
29 : e1e1 = e2 e2e3 = − 12 e4 e3e2 = 12 e4 e3e3 = e4
CD
4
30 : e1e1 = e2 e2e1 = e4 e2e3 = e4 e3e2 = e4
CD
4
31 : e1e1 = e2 e2e3 = e4 e3e1 = e4 e3e2 = e4
CD
4
32(α) : e1e1 = e2 e2e3 = αe4 e3e2 = (α+ 1)e4
CD
4
33 : e1e1 = e2 e2e1 = e4 e2e2 = e4 e3e3 = e4
CD
4
34 : e1e1 = e2 e2e2 = e4 e3e3 = e4
CD
4
35 : e1e1 = e2 e2e2 = e4 e3e1 = e4 e3e3 = e4
CD
4
36(α) : e1e1 = e2 e2e2 = e4 e3e2 = e4 e3e3 = αe4
CD
4
37 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e3 = e4
CD
4
38 : e1e1 = e2 e2e3 = e4 e3e2 = e4
CD
4
39 : e1e1 = e3 + e4 e1e2 =
i
2
e4 e1e3 = e4 e2e1 =
i
2
e4
e2e2 = e3 e2e3 = −2ie4 e3e1 = 2e4 e3e2 = −ie4
CD
4
40 : e1e1 = e3 + e4 e1e2 =
i
2
e4 e1e3 = − 12 e4 e2e1 = i2 e4
e2e2 = e3 e2e3 = − i2 e4 e3e1 = 12 e4 e3e2 = i2 e4
4CD
4
41 : e1e1 = e3 + e4 e1e2 = − i2 e4 e1e3 = e4 e2e1 = − i2 e4
e2e2 = e3 e2e3 = −2ie4 e3e1 = 2e4 e3e2 = −ie4
CD
4
42 : e1e1 = e3 + e4 e1e2 = − i2 e4 e1e3 = − 12 e4 e2e1 = − i2 e4
e2e2 = e3 e2e3 = − i2 e4 e3e1 = 12 e4 e3e2 = i2 e4
CD
4
43(α) : e1e1 = e3 + e4 e1e2 = αe4 e1e3 = − 12 e4
e2e1 = αe4 e2e2 = e3 e3e1 =
1
2
e4
CD
4
44(α, β, γ) : e1e1 = e3 + αe4 e1e2 = βe4 e2e1 = (β + γ)e4
e2e2 = e3 e3e1 = e4 e3e3 = e4
CD
4
45 : e1e1 = e3 + 2ie4 e1e2 = e4 e2e1 = e4 e2e2 = e3
e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
46(α) : e1e1 = e3 − 2iαe4 e1e2 = αe4 e2e1 = αe4 e2e2 = e3
α 6= 0 e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
47(α, β) : e1e1 = e3 + e4 e1e3 = αe4 e2e2 = e3
β 6= 0 e2e3 = βe4 e3e1 = (α+ 1)e4 e3e2 = βe4
CD
4
48(α) : e1e1 = e3 + αe4 e2e1 = iαe4 e2e2 = e3
α 6= 0 e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
49(α) : e1e1 = e3 + αe4 e2e1 = −iαe4 e2e2 = e3
α 6= 0 e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
50(α) : e1e1 = e3 + αe4 e2e1 = e4 e2e2 = e3 e3e3 = e4
CD
4
51(α) : e1e1 = e3 + αe4 e2e2 = e3 e3e1 = e4
e3e2 = ie4 e3e3 = e4
CD
4
52 : e1e1 = e3 + e4 e2e2 = e3 e3e3 = e4
CD
4
53 : e1e1 = e3 e1e2 = − 12 e4 e1e3 = e4 e2e1 = 12 e4
e2e2 = e3 e2e3 = ie4 e3e1 = e4 e3e2 = ie4
CD
4
54(α) : e1e1 = e3 e1e2 = e4 e1e3 = αe4 e2e1 = e4
e2e2 = e3 e2e3 = −i(α+ 1)e4 e3e1 = (α+ 1)e4 e3e2 = −iαe4
CD
4
55(α) : e1e1 = e3 e1e2 = e4 e1e3 = αe4
e2e1 = e4 e2e2 = e3 e3e1 = (α+ 1)e4
CD
4
56 : e1e1 = e3 e1e2 = e4 e2e1 = −e4 e2e2 = e3
e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
57(α, β) : e1e1 = e3 e1e2 = αe4 e2e1 = (α+ β)e4 e2e2 = e3
β 6∈ {0,−2α} e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
58 : e1e1 = e3 e1e3 = e4 e2e1 = e4 e2e2 = e3
e2e3 = ie4 e3e1 = e4 e3e2 = ie4
CD
4
59(α, β) : e1e1 = e3 e1e3 = αe4 e2e2 = e3
β 6= 0 e2e3 = βe4 e3e1 = (α+ 1)e4 e3e2 = βe4
CD
4
60 : e1e1 = e3 e1e3 = ie4 e2e2 = e3
e2e3 = e4 e3e1 = (i+ 1)e4 e3e2 = (i + 1)e4
CD
4
61(α) : e1e1 = e3 e1e3 = −iαe4 e2e2 = e3
e2e3 = αe4 e3e1 = (1− iα)e4 e3e2 = (α+ i)e4
CD
4
62 : e1e1 = e3 e1e3 = e4 e2e2 = e3
e2e3 = −2ie4 e3e1 = 2e4 e3e2 = −ie4
CD
4
63 : e1e1 = e3 e1e3 = − 12 e4 e2e2 = e3
e2e3 = − i2 e4 e3e1 = 12 e4 e3e2 = i2 e4
CD
4
64(α) : e1e1 = e3 e1e3 = αe4 e2e2 = e3 e3e1 = (α+ 1)e4
CD
4
65(α) : e1e1 = e3 e1e3 = αe4 e2e2 = e3
α 6= 0 e3e1 = (α+ 1)e4 e3e2 = ie4
CD
4
66 : e1e1 = e3 e2e1 = e4 e2e2 = e3
e2e3 = e4 e3e2 = e4
CD
4
67 : e1e1 = e3 e2e2 = e3 e3e3 = e4
CD
4
68 : e1e1 = e3 + e4 e1e3 = ie4 e2e2 = e3
e2e3 = e4 e3e1 = ie4 e3e2 = e4
CD
4
69 : e1e1 = e3 e1e3 = ie4 e2e2 = e3
e2e3 = e4 e3e1 = ie4 e3e2 = e4
CD
4
70 : e1e1 = e3 e1e3 = e4 e2e2 = e3 e3e1 = e4
CD
4
71 : e1e1 = e4 e1e2 = e3 e1e3 = e4 e2e1 = −e3 e3e1 = −e4
CD
4
72 : e1e1 = e4 e1e2 = e3 e1e3 = e4
e2e1 = −e3 e2e2 = e4 e3e1 = −e4
CD
4
73 : e1e2 = e3 + e4 e1e3 = e4 e2e1 = −e3 e3e1 = −e4
CD
4
74(α) : e1e2 = e3 e1e3 = (α+ 1)e4 e2e1 = −e3 e3e1 = −αe4
CD
4
75(α) : e1e2 = e3 e1e3 = (α+ 1)e4 e2e1 = −e3 e2e2 = e4 e3e1 = −αe4
CD
4
76 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e2 = e4 e3e1 = −e4
CD
4
77 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e3 = e4 e3e2 = −e4
CD
4
78 : e1e2 = e3 e1e3 = e4 e2e1 = −e3
e2e2 = e4 e2e3 = e4 e3e2 = −e4
CD
4
79(α) : e1e2 = e3 + αe4 e1e3 = e4 e2e1 = −e3 e2e3 = e4 e3e3 = e4
CD
4
80 : e1e2 = e3 + e4 e1e3 = e4 e2e1 = −e3 e3e3 = e4
CD
4
81 : e1e2 = e3 + e4 e2e1 = −e3 e3e3 = e4
CD
4
82 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e2 = e4 e3e3 = e4
CD
4
83(α 6= 0) : e1e2 = e3 e2e1 = −e3 e2e2 = αe4 e2e3 = e4 e3e3 = e4
CD
4
84 : e1e2 = e3 e2e1 = −e3 e2e2 = e4 e3e3 = e4
CD
4
85 : e1e2 = e3 e2e1 = −e3 e3e3 = e4
CD
4
86 : e1e2 = e3 e2e1 = −e3 e2e3 = e4 e3e2 = −e4
CD
4
87(λ) : e1e1 = λe3 + (2Θ − 1)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 − (1 − Θ)2λ−1e4
5λ 6= 0, 1
4
e2e2 = e3 e2e3 = Θλ
−1e4 e3e3 = e4
CD
4
88(λ) : e1e1 = λe3 + (1 − 2Θ)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 − Θ2λ−1e4
λ 6= 0, 1
4
e2e2 = e3 e2e3 = Θλ
−1e4 e3e3 = e4
CD
4
89(λ) : e1e1 = λe3 + (2Θ − 1)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 − (1 − Θ)2λ−1e4
λ 6= 0, 1
4
e2e2 = e3 e2e3 = (1− Θ)λ−1e4 e3e3 = e4
CD
4
90(λ) : e1e1 = λe3 + (1 − 2Θ)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 − Θ2λ−1e4
λ 6= 0, 1
4
e2e2 = e3 e2e3 = (1− Θ)λ−1e4 e3e3 = e4
CD
4
91(λ,α) : e1e1 = λe3 + (2Θ − 1)e4 e1e2 = e4 e1e3 = αe4
λ 6= 0, 1
4
e2e1 = e3 − (1− Θ)2λ−1e4 e2e2 = e3 e3e3 = e4
CD
4
92(λ,α) : e1e1 = λe3 + (1 − 2Θ)e4 e1e2 = e4 e1e3 = αe4
λ 6= 0, 1
4
e2e1 = e3 − Θ2λ−1e4 e2e2 = e3 e3e3 = e4
CD
4
93(α) : e1e1 = e4 e1e2 = e4 e1e3 = αe4 e2e1 = e3 + e4
e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
94(α, β) : e1e1 = e4 e1e2 = e4 e1e3 = αe4
α 6= 0 e2e1 = e3 + βe4 e2e2 = e3 e3e3 = e4
CD
4
95(α) : e1e1 = e4 e1e2 = e4 e1e3 = αe4 e2e1 = e3
e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
96(α) : e1e1 = e4 e1e2 = e4 e2e1 = e3 + αe4
e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
97(λ) : e1e1 = λe3 e1e2 = e4 e1e3 = Θe4 e2e1 = e3 − e4
e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
98(λ) : e1e1 = λe3 e1e2 = e4 e1e3 = (1 − Θ)e4 e2e1 = e3 − e4
λ 6= 1
4
e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
99(α) : e1e2 = e4 e1e3 = e4 e2e1 = e3 − e4
α 6= 1 e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
100(α) : e1e1 =
1
4
e3 e1e2 = e4 e1e3 = αe4 e2e1 = e3 − e4
α /∈ {0, 1
2
} e2e2 = e3 e2e3 = 2αe4 e3e3 = e4
CD
4
101(α, β) : e1e2 = e4 e1e3 = αe4 e2e1 = e3
e2e2 = e3 e2e3 = βe4 e3e3 = e4
CD
4
102(λ,α) : e1e1 = λe3 e1e2 = e4 e2e1 = e3 − e4
λ 6= 0 e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
103 : e1e2 = e4 e2e1 = e3 − e4 e2e2 = e3 e3e3 = e4
CD
4
104 : e1e3 = e4 e2e1 = e3 + e4 e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
105(λ,α, β) : e1e1 = λe3 e1e3 = e4 e2e1 = e3 + αe4
λ 6= 0, α 6= 0 e2e2 = e3 e2e3 = βe4 e3e3 = e4
CD
4
106(α) : e1e3 = e4 e2e1 = e3 + αe4 e2e2 = e3 e3e3 = e4
CD
4
107(λ) : e1e1 = λe3 e1e3 = Θe4 e2e1 = e3
e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
108(λ) : e1e1 = λe3 e1e3 = (1− Θ)e4 e2e1 = e3
λ 6∈ {0, 1
4
} e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
109(λ,α) : e1e1 = λe3 e2e1 = e3 + e4 e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
110(λ) : e1e1 = λe3 e2e1 = e3 e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
111(λ) : e1e1 = λe3 e2e1 = e3 e2e2 = e3 e3e3 = e4
CD
4
112(λ,α, β, γ) : e1e1 = λe3 + e4 e1e3 = αe4 e2e1 = e3 + βe4
e2e2 = e3 e2e3 = γe4 e3e3 = e4
3. THE GEOMETRIC CLASSIFICATION OF COMPLEX 4-DIMENSIONAL NILPOTENT CD-ALGEBRAS
Theorem 2. The variety of complex 4-dimensional nilpotent terminal algebras has 2 irreducible components: one of dimen-
sion 18 determined by the family of algebras CD4112(λ, α, β, γ) and one of dimension 15 determined by the family of algebras
CD
4
12(λ, α).
Proof. Thanks to [27, 28] the algebras N2(α) and N3(α) determine the irreducible components in the variety of complex 4-
dimensional 2-step nilpotent algebras (which are trivial CD-algebras in our terminology), and the orbit closure of D401(λ, α, β)
contains all terminal (Leibniz and non-Leibniz) extensions of CD3∗04(λ) (see [24, 28]), where
D
4
01(λ, α, β) : e1e1 = λe3 + e4 e1e3 = αe4 e2e1 = e3 e2e2 = e3 e2e3 = βe4 e3e1 = e4
N2(α) : e1e1 = e3 e1e2 = e4 e2e1 = −αe3 e2e2 = −e4
N3(α) : e1e1 = e4 e1e2 = αe4 e2e1 = −αe4 e2e2 = e4 e3e3 = e4
Each algebra of the family CD4112(λ, α, β, γ) has 2-dimensional square, while the square of CD
4
12(λ, α) is of dimen-
sion 3. Hence, CD4112(λ, α, β, γ) 6→ CD
4
12(λ, α) by Lemma 1. We also have CD
4
12(λ, α) 6→ CD
4
112(λ, α, β, γ), because⋃
Orb(CD4112(λ, α, β, γ)) has dimension 18, while
⋃
Orb(CD412(λ, α)) is of dimension 15. The rest of the algebras degenerate
either from CD412(λ, α), or from CD
4
112(λ, α, β, γ), as shown below. In some of the degenerations we use the short notation
Θ = 1+
√
1−4Λ
2
and Ψ = 1−
√
1−4Λ
2
= 1−Θ.
6CD
4
112 → D401(Λ,A,B) λ = Λ α = (A− 1)Ξ β = −BΞ2 γ = BΞ
Ξ = (t−A)−
1
2 Et1 = tΞ(e1 + Ξe3) E
t
2 = tΞe2 E
t
3 = t
2Ξ2e3 E
t
4 = t
3Ξ4e4
CD
4
12 → N2(A) λ = t−1 α = t−1
Ξ = (At(t− 1)(t2 + 3t + 1))−1 Et1 = te1 − tΞ(t2 −At− 1)e2
Et2 = e2 + ((A+ 1)t +A− 1)e3 + Ξ
2
t2
(At4 + 2(A − 1)(t3 + 1
t
) − 3(2A + 1)t2 + (A2 − 5A + 10)t + 3(2A − 1))e4
Et3 = −A−1e3 − ΞA−1(At2 − 3t− 2A+ 3)e4 Et4 = −t−1e4
CD
4
112 → N3(A) λ = 1 α = −t β = A2 − t2 γ = t
Et1 = −A2t(e1 − e2 + te3) Et2 = Ate2 Et3 = A2t(e3 −A2e4) Et4 = A4t2e4
CD
4
12 → CD401 λ = 2 α = 3t−4
Et1 = te1 E
t
2 = t
2e2 E
t
3 = 3e4 E
t
4 = e3
CD
4
12 → CD402 λ = 2 α = t−4
Ξ = (9t4 + 1)−1 Et1 = t(e1 − tΞ)e2 Et2 = t2e2 − 3t3Ξe3 + Ξ2e4
Et3 = e4 E
t
4 = e3 − Ξt−3e4
CD
4
12 → CD403 λ = −2 α = 0
Et1 = te1 − 13t2 e2 E
t
2 = t
2e2 − 1
3t1
e3 E
t
3 = e4 E
t
4 = t
2e3 +
4
3t
e4
CD
4
12 → CD404(Λ) λ = Λ α = 0
Et1 = te1 E
t
2 = t
2e2 E
t
3 = e4 E
t
4 = e3 − t−3e4
CD
4
12 → CD405 λ = t−1 α = t−3
Et1 = te1 E
t
2 = t
2e2 E
t
3 = t
2e4 E
t
4 = te3
CD
4
12 → CD406 λ = t−1 α = −Ξt−2(t3 + t2 − t− 2)
Ξ = (t− 1)−1 Et1 = te1 − e2 Et2 = t2e2 − (t + 1)e3 − Ξt−2(t3 + t2 − t− 2)e3
Et3 = t
2e3 + Ξ(3t
2 − 4)e4 Et4 = e4
CD
4
12 → CD407(Λ) λ = Λ α = (Λ− 2)t−1
Et1 = te1 E
t
2 = t
2e2 E
t
3 = t
3(Λ − 2)e4 Et4 = t3e3
CD
4
112 → CD408(A) λ = t−1 α = A(1− 2t)t−2
Et1 = te1 E
t
2 = t
2e2 E
t
3 = t
2e3 E
t
4 = t
2(1− 2t)e4
CD
4
12 → CD409 λ = t−1 α = (2t− 1)t−2
Ξ = ((t− 1)(t + 4))−1 Et1 = te1 + Ξ(2t− 1)(te2 + Ξ(2t− 1)2(t + 1)−1e3) Et2 = t2e2 + Ξt(t + 1)(2t − 1)e3
Et3 = t
2e3 + Ξt(2t− 1)(t2 + t− 3)e4 Et4 = t2(1 − 2t)e4
CD
4
12 → CD410(A) λ = 1 + t α = A
Ξ = (t((t+ 2)2 +A))−1 Et1 = e1 + Ξ(t
3 − 1)(e2 +AΞ(t + 2)−1(t3 − 1)e3) Et2 = e2 + Ξ(t + 2)(t3 − 1)e3
Et3 = e3 + Ξ(1− t)((t+ 2)(2t2 + 1)−A(t + 1))e4 Et4 = (1 − t)e4
CD
4
12 → CD411(Λ) λ = Λ α = t− (Λ + 1)2
Ξ = Λ− 1 Et1 = tΞ(e1 + (t + 1)e2) Et2 = t2Ξ2(e2 − (t + 1)((Λ + 1)e3 − (t + 1)(t− (Λ + 1)2))e4)
Et3 = t
3Ξ3(e3 − (t + 1)(t − 3(Λ + 1))e4) Et4 = t4Ξ4e4
CD
4
112 → CD413(A) Ξ =
√
(A+A2)3(t3 + (2A + 1)(t2 +A2) +A4)
λ =
A
2(1+A)2
t(A+t)2
α = −A(1+A)
√
t(A+t)
Ξ
β =
t(A+t)(1+A+t)
A2+2A3+A4+t2+2At2+t3
γ = −A(1+A)
√
t(A+t)
Ξ
Et1 = −
√
t5(A+t)2
Ξ
(e1 − e2)− t
3(A(t+A)(1+A))2
Ξ2
e3
Et2 =
t4A2(t+A)2(1+A)2
Ξ2
(
e3 +
tA3(A+t)2(1+A)3
Ξ2
e4
)
Et3 =
A(1+A)
√
t5(A+t)
Ξ
(
e2 −
√
t(A+ t)A2(1 +A)e3
)
Et4 = −
t7(A+t)4
Ξ4
e4
CD
4
112 → CD414(A,B) Ξ =
√
(B − t)(B2 − Bt + (A− 1)(A − t)t)
λ =
(B−t)2
(A−t)2t
α =
i(1−t)
√
t(t−A)
Ξ
β =
(A−1)(A−t)(B−t)t
Ξ
γ =
i(1−t)
√
t(t−A)
Ξ
Et1 = (A − t)2
√
t3
(
i
(B−t)Ξ (e1 − e2)−
√
t
Ξ2
e3
)
Et2 = −
(A−t)2t2
Ξ2
(
e3 +
(A−t)2t(B−t)
Ξ2
e4
)
Et3 =
√
t3(t−A)
Ξ
(
ie2 − (t−A)
√
t3
Ξ
e3
)
Et4 =
(A−t)4t4
Ξ4
e4
CD
4
112 → CD415(A) λ = 1t α =
A−t
AΞ
β = − t
Ξ2
γ = − t
AΞ
Ξ = i
√
A+A2 + t Et1 = − t
2
Ξ
(e1 − e2) + (1+A)t
2
Ξ2
e3 E
t
2 =
t3
Ξ2
e3 E
t
3 =
t2
Ξ
e2 +
t3
AΞ2
e3 E
t
4 =
t5
Ξ4
e4
CD
4
112 → CD416 λ = 2 + 14t + 4t α =
4
√
t(1+4t)
Ξ
β =
4t(1+4t)3
Ξ2
γ =
4
√
t(1+4t)
Ξ
Ξ = i
√
1 + 20t + 176t2 Et1 = − 8
√
t5
Ξ
(e1 − e2) + 16t
3(1+4t)2
Ξ2
e3 E
t
2 =
16t4(1+4t)2
Ξ2
(
e3 − 4t(1+4t)
3
Ξ2
e4
)
Et3 =
4
√
t5(1+4t)
Ξ
(
e2 − 2
√
t(1+4t)
Ξ
e3
)
Et4 =
256t7(1+4t)4
Ξ4
e4
CD
4
112 → CD417(A) λ =
(1+A)2
t
α =
√
t√
A(1+A)3
β = t
A+A2
γ =
√
t√
A(1+A)3
Et1 = −
√
t5√
A(1+A)5
(e1 − e2) + t
3
A(1+A)3
e3 E
t
2 =
t4
A(1+A)3
(
e3 +
t
(1+A)2
e4
)
Et3 =
√
t5√
A(1+A)3
e2 +
t3
(1+A)3
e3 E
t
4 =
t7
A2(1+A)6
e4
CD
4
112 → CD418(A) λ = − 1Ξ2t α =
i(tΞ2−A)
AΞ
β = 0 γ = itΞ
A
Ξ =
√
1 +A+A2 Et1 = −it2Ξ(e1 − e2) + (1 +A)t2e3 Et2 = t3(e3 − te4)
Et3 = t
2
(
e2 − itΞA e3
)
Et4 = t
5e4
CD
4
112 → CD419 λ = 1t α = tΞ β = tΞ2 γ =
t
Ξ
Ξ =
√
2− t Et1 = − t
2
Ξ
e1 +
t2
Ξ
e2 +
t2
Ξ2
e3 E
t
2 =
t3
Ξ2
e3 − t
4
Ξ4
e4 E
t
3 = − t
2
Ξ
e2 +
t3
Ξ2
e3 E
t
4 =
t5
Ξ4
e4
7CD
4
112 → CD420 λ = t−1+it
√
1+t
t2+t
α = 0 β = − it√
1+t
γ = 0
Et1 = t
2(i
√
1 + te1 + e2 + e3) E
t
2 = t
3e2 E
t
3 = t
2e3 E
t
4 = t
5e4
CD
4
112 → CD421(A) Ξ = 1 − 2t + 2t2 − 2t4 + 3t5 − 2t6 + t7 +A2(1 − t + t2) +A(−2 + 3t− 3t2 + 2t3 − 2t4)
λ = − t(1−2t+3t
2−2t3+t5−t6+t7+A2(1−t3+t4)+A(−2+2t−2t2+t3+t4−2t5))
(t−1)(A−1+t−t2 )2
α = t2 β =
(1−t)(1−A−t+2t2 )
t(1−A−t+t2)
γ = 1
Et1 = t(t− 1)2
(
1−A−t+t2
Ξ
e1 +
(t−A)t2
Ξ
e2 − (t−1)t
2
Ξ
e3 E
t
4 =
(t−1)6t6
Ξ2
e4
Et2 =
(1−t)3t2
Ξ
(te3 + (1− t)e4) Et3 =
(1−t)3t3
Ξ
(te3 + e4)
CD
4
112 → CD422 Ξ =
√
t3(−16 − 64t − 64t4 + 17t5 + 72t6 + 16t7) λ = − 8t
3(−8+9t5+4t6−tΞ)
(t4+4t5−Ξ)2
α =
4t3(−4−t+4t2)
t4+4t5−Ξ
β =
32t3−9t4−40t5−16t6+(1+4t)Ξ
4t4+16t5−4Ξ
γ = 1
Et1 =
t4+4t5−Ξ
8
e1 + t
4e2 E
t
2 = t
3e3 − t
3(1+4t)
4
e4 E
t
3 = t
2e2 − t
2
2
e3 E
t
4 = t
5e4
CD
4
112 → CD423(A) λ =
Ξ(Ξ+t2)
t(Ξ+t)2
α =
(1−A)
√
t3
Ξ
√
Ξ+t2
Ξ = A+A2 β =
t(Ξ+t)
Ξ+t2
γ =
√
t(Ξ+t)
Ξ
√
Ξ+t2
Et1 =
√
t5(Ξ+t)
Ξ2
√
Ξ+t2
(
(Ξ + t)e1 − te2 +
√
t3(Ξ+t)
(1+A)
√
Ξ+t2
e3
)
Et2 =
t4(Ξ+t)2
Ξ2(Ξ+t2)
(
e3 +
t(Ξ+t)2
Ξ(Ξ+t2)
e4
)
Et3 =
√
t5(Ξ+t)
Ξ
√
Ξ+t2
(
e2 +
√
t(Ξ+t)
(1+A)
√
Ξ+t2
e3
)
Et4 =
t7(Ξ+t)4
Ξ4(Ξ+t2)2
e4
CD
4
112 → CD424(A) λ = A
2−t−At2
A2t3
α =
√
t(−2A+t+
√
1−4At−2A2t2)
2iA2
√
A+t
β =
t3(2+2A2+(3+
√
1−4A)At)
2A(A+t)
γ =
√
t3
i
√
A+t
Et1 = − i
√
t5√
A+t
(
te1 +
1
A
e2 − i
√
t7√
A+t
e3
)
Et2 = − t
4
A+t
(
e3 + t
3e4
)
Et3 =
√
t5√
A+t
(
−ie2 + (1−
√
1−4A)
√
t3
2
√
A+t
e3
)
Et4 =
t8
(A+t)2
e4
CD
4
112 → CD425 λ = t−t
4−1
t8
α =
i(t−2)√
2t
β =
t4(t3−1)
2
γ = −i
√
2t7
Et1 = i
√
t7
2
(
t4e1 + e2 + i
√
t9
2
e3
)
Et2 = − t
8
2
(
e3 +
t7
2
e4
)
Et3 =
√
t11
2
(
ie2 −
√
t7
2
e3
)
Et4 =
t16
4
e4
CD
4
44 → CD426(A) α = 0 β = At−3 γ = t−3
Et1 = t
−1(e1 − e3) Et2 = t−2e3 Et3 = e2 Et4 = t−4e4
CD
4
112 → CD427 λ = −2 + t−4 α = −
√
t
Ξ
β = 2t
4−2t5−
√
t5
Ξ2
γ = 0
Ξ =
√
1− t Et1 =
√
t11
Ξ
(e1 + e2) +
t3
Ξ2
e3 E
t
2 =
t7
Ξ2
(
e3 + t
4e4
)
Et3 =
t4
Ξ
(
e2 +
t2
Ξ
e3
)
Et4 =
t13
Ξ4
e4
CD
4
112 → CD428(A) λ = −2 + t−2 α = −
√
t+t−At
Ξ
β = −
√
t3
Ξ2
+ 2t2 γ = 0
Ξ =
√
1−A Et1 =
√
t5
Ξ
(e1 + e2) +
t3
Ξ2
e3 E
t
2 =
t3
Ξ2
(
e3 + t
2e4
)
Et3 =
t2
Ξ
(
e2 +
t
Ξ
e3
)
Et4 =
t6
Ξ4
e4
CD
4
112 → CD429 λ = −t−5 α = 2Ξ β = −4Ξ2 γ = −2Ξ
Ξ = t
5√
1+4t2
Et1 = 2t
8Ξ (−e1 + e2 + 4Ξe3) Et2 = −4t6Ξ2
(
e3 − t10e4
)
Et3 = 2t
4Ξ (e2 + Ξe3) E
t
4 = 16t
10Ξ4e4
CD
4
112 → CD430 λ = −2 + t−5 α = − i
√
t
Ξ
β = t
3−2t5
Ξ2
γ = 0
Ξ =
√
2t5 − t3 − 1 Et1 = i
√
t13
Ξ
(e1 + e2)− t
7
Ξ2
e3 E
t
2 = − t
8
Ξ2
(
e2 − t
5
Ξ2
e3
)
Et3 =
√
t9
Ξ
(
ie2 − t
5
Ξ
e3
)
Et4 =
t15
Ξ4
e4
CD
4
112 → CD431 λ = −2 + t−2 α =
it(1−
√
t3)
Ξ
β = − 2t2+
√
t5−
√
t7
Ξ2
γ = 0
Ξ =
√
2t2 − 1 Et1 = i
√
t7
Ξ
(e1 + e2) E
t
2 = − t
5
Ξ2
(
e3 − t
2
Ξ2
e4
)
Et3 =
t3
Ξ
(
ie2 − tΞ e3
)
Et4 =
t9
Ξ4
e4
CD
4
112 → CD432(A) λ = −2 + t−5 α = − 2i
√
t5
Ξ
β = − (1−2A)t
5
A+t5−2At5
γ = i
√
t5
Ξ
Ξ =
√
(1 +A)(2At5 − t5 −A) Et1 = i
√
t13
Ξ
(e1 + e2)− t
9
Ξ2
e3 E
t
2 = − t
8
Ξ2
(
e3 − A(1+A)t
5
Ξ2
e4
)
Et3 =
i
√
t9
Ξ
(
ie2 − A
√
t5
Ξ
e3
)
Et4 =
t15
Ξ4
e4
CD
4
112 → CD433 λ = −2 + t−2 α = −i(t3 −
√
t) β = 2t2 γ = it3
Et1 = −i
√
t5(e1 + e2)− t3e3 Et2 = −t3(e3 + t2e4) Et3 = −t2(ie2 + t3e3) Et4 = t6e4
CD
4
112 → CD434 λ = −2 + t−2 α = −
√
t3+t2
Ξ
β = 2t
2
Ξ
γ = − t2
Ξ
Ξ =
√
2t2 − 1 Et1 =
√
t5
Ξ
(e1 + e2) +
t4
Ξ2
e3 E
t
2 =
t3
Ξ2
(
e3 − t
2
Ξ2
e4
)
Et3 =
t2
Ξ
(
e2 +
t2
Ξ
e3
)
Et4 =
t6
(1+t)Ξ4
e4
CD
4
112 → CD435 λ = t−1 α = 0 β = 0 γ = −i
√
t3
Et1 = i
√
t3e1 E
t
2 = −t2(e3 + te4) Et3 =
√
t3(ie2 −
√
t3e3) E
t
4 = t
4e4
CD
4
112 → CD436(A) λ = − 1A α = − 2
√
t3
A
√
t3+Ξ
β = −A((2+A)
√
t3+Ξ)
A
√
t3+Ξ
γ = 1
Ξ =
√
A(−4 + (4 +A)t3) Et1 = At
2+
√
tΞ
2
e1 + t
2e2 E
t
2 = t(e3 −Ae4) Et3 = te2 +
(
√
1−4A−1)At
2
e4 E
t
4 = t
2e4
CD
4
112 → CD437 λ = t−1 α = it√2 β = 0 γ =
it√
2
Et1 = − it
2
√
2
(
e1 − e2 − i√
2
e3
)
Et2 = − t
3
2
(
e3 +
t
2
e4
)
Et3 =
t2√
2
(
ie2 +
t√
2
e3
)
Et4 =
t5
4
e4
8CD
4
112 → CD438 λ = 1 α = 0 β = 1 γ = 0
Et1 =
√
t3e1 E
t
2 = t
3(e3 + e4) E
t
3 = t
2(e2 + e3) E
t
4 = t
5e4
CD
4
44 → CD439 α = 12t2 (2t
3 + 3t2 + 24t − 36) β = 9
t2
√
Ξ γ = −
√
Ξ
2t
(t + 6)
Ξ = t− 1 Et1 = Ξ(e1 + 1√Ξ e2 + e3) E
t
2 = iΞ(e1 −
√
Ξe2 − ( t2 + 2)e3 − 3Ξ2t (t+ 3)e4)
Et3 = Ξ(te3 +
3Ξ
t
(t + 3)e4) E
t
4 = tΞ
2e4
CD
4
44 → CD440 α = t− 34 β = 0 γ =
√
Ξ
Ξ = t− 1 Et1 = Ξ(e1 + 1√Ξ e2 −
1
2
e3) E
t
2 = iΞ(e1 −
√
Ξe2 + (t− 12 )e3)
Et3 = tΞe3 E
t
4 = tΞ
2e4
CD
4
44 → CD441 α = 12t2 (2t
3 + 13t2 + 8t− 36) β = 1
t2
(4t + 9)
√
Ξ γ = − 3
√
Ξ
2t
(t+ 2)
Ξ = t− 1 Et1 = Ξ(e1 + 1√Ξ e2 + e3) E
t
2 = iΞ(e1 −
√
Ξe2 − ( 32 t + 2)e3 − 3Ξ2t (7t + 9)e4)
Et3 = Ξ(te3 +
Ξ
t
(7t + 9)e4) E
t
4 = tΞ
2e4
CD
4
44 → CD442 α = 14t (4t
2 − 19t + 16) β = − 2
t
√
Ξ γ = 3
√
Ξ
Ξ = t− 1 Et1 = Ξ(e1 + 1√Ξ e2 −
1
2
e3) E
t
2 = iΞ(e1 −
√
Ξe2 + (3t− 12 )e3 − 6Ξe4)
Et3 = Ξ(te3 − 2Ξe4) Et4 = tΞ2e4
CD
4
44 → CD443(A) α = 14 + t− 2At2 β = At
√
1 − t2 γ = 0
Ξ = t
√
1 − t2 Et1 = Ξ
2
t
(
e1 +
t2
Ξ
e2 − 12 e3
)
Et2 = Ξe2 E
t
3 = Ξ
2e3 E
t
4 =
Ξ4
t
e4
CD
4
112 → CD444(A,B,C) λ = ρ
2−t
t2
α =
iΞ(t−ρ2)√
ρ(ρ2+1)
β = Ξ2(ρA+ (ρ2 − 1)B)t γ = iΞt√
ρ(ρ2+1)
Ξ = 1√
ρ2B(t+2)+ρA(t+1)−Bt
Et1 =
iΞt√
ρ(ρ2+1)
(te1 − (t + 1)e2)− Ξ
2t2
ρ
e3 E
t
2 = − iΞt
ρ
√
ρ(ρ2+1)
(te1 − (t− ρ2)e2)
ρ = −A+
√
A2+4B(B+C)
2B
Et3 = −Ξ
2t2
ρ
(
e3 +
Ξ2(A+ρB)t2
ρ
e4
)
Et4 =
Ξ4t4
ρ2
e4
CD
4
44 → CD445 α = −Ξ2(t3 − 2it2 + 10it − 8i) β = iΞ
3
2 t
− 1
2 (3t− 4) γ = 0
Ξ = t−1(t− 1)−1 Et1 = −t−1e1 −
√
Ξt−1e2 + tΞe3 E
t
2 = i(−t−1e1 + t
− 3
2 Ξ
− 1
2 e2 + tΞe3)
Et3 = Ξ(e3 − 4iΞt−1e4) Et4 = Ξ2e4
CD
4
44 → CD446(A) α = −2iAΞ β = −iA
√
Ξt−1 γ = 0
Ξ = t−1(t− 1) Et1 = Ξe1 +
√
Ξt−1e2 E
t
2 = iΞ(e1 −
√
Ξte2) E
t
3 = Ξe3 E
t
4 = Ξ
2e4
CD
4
44 → CD447(A,B) α = −A−A2 +B2 + t β = −AB γ = −B
Et1 = t(e1 +Ae3) E
t
2 = t(e2 +Be3) E
t
3 = t
2(e3 +B
2e4) E
t
4 = t
3e4
CD
4
44 → CD448(A) α = AΞ β = A
√
Ξt−1 γ = −A
√
Ξt−1
Ξ = t−1(t− 1) Et1 = Ξe1 +
√
Ξt−1e2 E
t
2 = iΞ(e1 −
√
Ξte2) E
t
3 = Ξe3 E
t
4 = Ξ
2e4
CD
4
44 → CD449(A) α = −Ξ2(t3 −At2 + 5At− 4A) β = −A(t− 2)Ξ
3
2 t
− 1
2 γ = −AΞ
3
2 t
1
2
Ξ = t−1(t− 1)−1 Et1 = −t−1e1 +
√
Ξt−1e2 + tΞe3 E
t
2 = −i(t−1e1 + Ξ
− 1
2 t
− 3
2 e2 − tΞe3)
Et3 = Ξe3 − 2AΞ2t−1e4 Et4 = Ξ2e4
CD
4
44 → CD450(A) α = At−2 β = 0 γ = t−2
Et1 = t
−1e1 E
t
2 = t
−1e2 E
t
3 = t
−2e3 E
t
4 = t
−4e4
CD
4
44 → CD451(A) α = AΞt−1(t− 2) β = AΞ
3
2 t
− 1
2 γ = 0
Ξ = t−1(t− 1) Et1 = Ξe1 +
√
Ξt−1e2 E
t
2 = iΞ(e1 −
√
Ξte2) E
t
3 = Ξ(e3 −AΞt−1e4) Et4 = Ξ2e4
CD
4
44 → CD452 α = t−2 β = 0 γ = 0
Et1 = t
−1e1 E
t
2 = t
−1e2 E
t
3 = t
−2e3 E
t
4 = t
−4e4
CD
4
44 → CD453 α = − 2+tt2 β = −
1
2
− i
t2
γ = 1 − i
t
Et1 = te1 + e3 E
t
2 = te2 + ie3 E
t
3 = t
2e3 − e4 Et4 = t2e4
CD
4
44 → CD454(A) α =
−A(A+1)t2+2(2A+1)2(t−1)+4iΞ
t2
β =
(2A+1)(A(t−2)−1)Ξ+it2 (t−2)
t3
γ =
(2A+1)Ξ
t2
Ξ = t
√
t− 1 Et1 = − 1t (Ξe1 − te2 + ΞAe3) Et2 = − it (Ξe1 + t(t− 1)e2 − Ξ(A + 1)e3)
Et3 = te3 +
Ξ
t3
((2A + 1)2Ξ + 2it2)e4 E
t
4 = −Ξe4
CD
4
44 → CD455(A) α = −A(1 +A) β = t γ = 0
Et1 = te1 +Ate3 E
t
2 = te2 E
t
3 = t
2e3 E
t
4 = t
3e4
CD
4
44 → CD456 α = 0 β = i
√
Ξt−1 γ = −2i
√
Ξt−1
Ξ = t−1(t− 1) Et1 = Ξe1 +
√
Ξt−1e2 E
t
2 = iΞ(e1 −
√
Ξte2) E
t
3 = Ξe3 E
t
4 = Ξ
2e4
CD
4
44 → CD457(A,B) α = −2i(2A +B)Ξt−1 β = i(A(t − 2)−B)
√
Ξt−3 γ = iA
√
Ξt−1
Ξ = t−1(t− 1) Et1 = Ξe1 +
√
Ξt−1e2 E
t
2 = iΞ(e1 −
√
Ξte2)
Et3 = Ξ(e3 − i(2A +B)Ξt−1e4) Et4 = Ξ2e4
CD
4
44 → CD458 α = − 2+tt2 β = −
i
t2
γ = t−i
t
Et1 = te1 + e3 E
t
2 = te2 + ie3 E
t
3 = t
2e3 − e4 Et4 = t2e4
CD
4
44 → CD459(A,B) α = −A−A2 +B2 β = −AB γ = −B
Et1 = t(e1 +Ae3) E
t
2 = t(e2 +Be3) E
t
3 = t
2(e3 +B
2e4) E
t
4 = t
3e4
CD
4
44 → CD460 α = t−2((1− i)t2 + 2(i− 4)t + 8) β = 2Ξt−2(t− 2) γ = −2iΞt−1
Ξ =
√
t− 1 Et1 = Ξe1 + e2 + iΞe3 Et2 = Ξ(ie1 − iΞe2 + e3) Et3 = te3 − 4t−1Ξ2e4 Et4 = tΞe4
CD
4
44 → CD461(A) α = A(A+ i) β = 0 γ = 0
Ξ =
√
t− 1 Et1 = Ξe1 + e2 − iAΞe3 Et2 = Ξ(ie1 − iΞe2 +Ae3) Et3 = te3 Et4 = tΞe4
CD
4
44 → CD462 α = −2t−2(t2 − 9t + 9) β = −3Ξt−2(t− 3) γ = −3Ξt−1
Ξ =
√
t− 1 Et1 = Ξe1 + e2 + Ξe3 Et2 = iΞ(e1 − Ξe2 − 2e3) Et3 = te3 + 9Ξ2t−1e4 Et4 = tΞe4
CD
4
44 → CD463 α = 14 β = 0 γ = 0
Ξ =
√
t− 1 Et1 = Ξe1 + e2 − 12Ξe3 E
t
2 = iΞ(e1 − Ξe2 − 12 e3) E
t
3 = te3 E
t
4 = tΞe4
CD
4
44 → CD464(A) α = −A2 −A β = 0 γ = 0
Et1 = t(e1 +Ae3) E
t
2 = te2 E
t
3 = t
2e3 E
t
4 = t
3e4
9CD
4
44 → CD465(A) α = −A((A+ 1)t − 2A)t−2Ξ2 β = −A2Ξ3t−2 γ = −AΞt−1
Ξ =
√
t− 1 Et1 = Ξe1 + e2 +AΞe3 Et2 = iΞ(e1 − Ξe2) Et3 = te3 +A2Ξ2t−1e4 Et4 = tΞe4
CD
4
44 → CD466 α = t−2 β = t−1 γ = 0
Et1 = e1 − e3 Et2 = e2 + t−1e3 Et3 = e3 + t−2e4 Et4 = t−1e4
CD
4
44 → CD467 α = 0 β = 0 γ = 0
Et1 = t
−1e1 E
t
2 = t
−1e2 E
t
3 = t
−2e3 E
t
4 = t
−4e4
CD
4
44 → CD468 α = 2−it+t
2
t2
β = − i
t2
γ = − 1
t
Et1 = e1 + ie3 E
t
2 = te2 + e3 E
t
3 = t
2e3 + e4 E
t
4 = t
2e4
CD
4
44 → CD469 α = 2−itt2 β = −
i
t2
γ = − 1
t
Et1 = te1 + ie3 E
t
2 = te2 + e3 E
t
3 = t
2e3 + e4 E
t
4 = t
2e4
CD
4
44 → CD470 α = − 1+tt2 β = 0 γ = 0
Et1 = te1 + e3 E
t
2 = te2 E
t
3 = t
2e3 E
t
4 = t
2e4
CD
4
12 → CD471 λ = −1 + t α = −t2
Et1 = t(e1 + ie2) E
t
2 = t(e2 + ie3 + 3te4) E
t
3 = t
2(e3 − 3ite4) Et4 = (t− 3)t3e4
CD
4
12 → CD472 λ = −1 α = t2
Et1 = te1 E
t
2 = −3(e2 − 3e3 − 36e4) Et3 = −3t(e3 + 9e4) Et4 = 9t2e4
CD
4
12 → CD473 λ = −1 α = t
2
4
Et1 = te1 − 6e2 Et2 = t(e2 + 9e4) Et3 = t2
(
e3 +
3t
2
e4
)
Et4 = −3t3e4
CD
4
112 → CD474(A) λ = 14 α = −
1+2A
Ξ
β = 0 γ = 0
Ξ =
√
A(1 +A) Et1 = te1 − 6e2 Et2 = t(e2 + 9e4) Et3 = t2
(
e3 +
3t
2
e4
)
Et4 = −3t3e4
CD
4
112 → CD475(A) λ = 14 α = − iΞ β = 4 γ = 4iAΞ
Ξ =
√
A(1 +A) Et1 = 8iΞt
(
2e1 − e2 + 2iAΞ e3
)
Et2 = 16t
2(iΞe2 + 4Ae3) E
t
3 = 128Ξ
2t3(e3 + 8e4) E
t
4 = 2048Ξ
2t4e4
CD
4
12 → CD476 λ = −1 α = −3t2
Et1 =
2
Ξ
e1 − 1Ξ e2 + 21+A e3 Et2 = 2tΞ e2 Et3 = − 2tΞ2 e3 E
t
4 =
4t
Ξ4
e4
CD
4
78 → CD477 Et1 = t−1e1 Et2 = t−1e2 Et3 = t−2e3 Et4 = t−3e4
CD
4
112 → CD478 λ = 14 α = i√2t (1− 2t) β = 2 γ = i
√
2
t
Et1 = −2i
√
2t(2e1 − e2) Et2 = −2i
√
2t(2e1 − (2t + 1)e2) + 8te3
Et3 = −16t2(e3 + 4e4) Et4 = 128t3e4
CD
4
112 → CD479(A) λ = 1+2t
2
4
α = − 1+t
Ξ
β = 2 γ =
2(t−1)
Ξ
Ξ =
√
2t(A− t) Et1 = 2Ξ (2e1 − e2) Et2 = 4tΞ
(
e2 +
2t
Ξ
e3
)
Et3 =
8t
Ξ2
(e3 + 4e4) E
t
4 =
64t2
Ξ4
e4
CD
4
112 → CD480 λ = 14 α = −
√
2t β = 2 γ = 0
Et1 =
√
2
t
(2e1 − e2) Et2 = 2
√
2te2 E
t
3 = −4(e3 + 4e4) Et4 = 16e4
CD
4
112 → CD481 λ = 14 α = 0 β = 2 γ = 0
Et1 =
√
2
t
(2e1 − e2) Et2 = 2
√
2te2 E
t
3 = −4(e3 + 4e4) Et4 = 16e4
CD
4
102 → CD482 λ = 14 α =
√
2t
Et1 = −
√
2(2e1 − e2) Et2 =
√
2te2 E
t
3 = 2t(e3 − 2e4) Et4 = 4t2e4
CD
4
112 → CD483(A) λ = 14 α = A
− 1
2 β = 0 γ = 0
Et1 = 2A
− 1
2 e2 E
t
2 = t
−1(e1 − 12 e2) Et3 = A
− 1
2 t−1e3 E
t
4 = t
−2
A
−1e4
CD
4
83 → CD484 α = t−2
Et1 = t
−1e1 + te2 E
t
2 = e2 E
t
3 = t
−1e3 E
t
4 = t
−2e4
CD
4
112 → CD485 λ = 14 α = 0 β = 0 γ = 0
Et1 = t
−2e1 − 12t e2 Et2 = t−1e2 Et3 = − 12t3 e3 E
t
4 =
1
4t6
e4
CD
4
12 → CD486 λ = −1 α = 3t
3
2
Et1 = te1 + e2 E
t
2 = 2e2 + 3te4 E
t
3 = 2te3 − 3t3e4 Et4 = −6t2e4
CD
4
112 → CD487(Λ) λ = Λ− Ψt α = Ξ((Θ− Ψ)t−1 − 1) β = 0 γ = ΞΨt (Θ − Ψ)
Ξ = Θ
− 1
2 Et1 =
√
Θt−1(e1 − Ψe2) Et2 = Ξt−1(e1 − (t + Ψ)e2) Et3 = −t−2(te3 − Ξ2e4) Et4 = t−2e4
CD
4
112 → CD488(Λ) λ = Λ− Θt α = −Ψ
− 1
2 β = 0 γ = 0
Et1 =
√
Ψt−1(e1 − Θe2) Et2 = Ψ
− 1
2 t−1(e1 − (t +Θ)e2)
Et3 = −t−2(te3 − Ψ−1e4) Et4 = t−2e4
CD
4
112 → CD489(Λ) λ = Λ− Ψt α = −Θ
− 1
2 β = 0 γ = 0
Et1 =
√
Θt−1(e1 − Ψe2) Et2 = Θ
− 1
2 t−1(e1 − (t +Ψ)e2)
Et3 = −t−2(te3 − Θ−1e4) Et4 = t−2e4
CD
4
112 → CD490(Λ) λ = Λ− Θt α = Ξ((Ψ− Θ)t−1 − 1) β = 0 γ = ΞΘt (Ψ − Θ)
Ξ = Ψ
− 1
2 Et1 =
√
Ψt−1(e1 − Θe2) Et2 = Ξt−1(e1 − (t + Θ)e2) Et3 = −t−2(te3 − Ξ2e4) Et4 = t−2e4
CD
4
112 → CD491(Λ,A) λ = Λ− Ψt α = −AΞ(1 + Ψt−1) β = 0 γ = −AΞt−1
Ξ = Θ
− 1
2 Et1 =
√
Θt−1(e1 − Ψe2) Et2 = Ξt−1(e1 − (t + Ψ)e2) Et3 = −t−2(te3 − Ξ2e4) Et4 = t−2e4
CD
4
112 → CD492(Λ,A) λ = Λ− Θt α = −AΞ(1 + Θt−1) β = 0 γ = −AΞt−1
Ξ = Ψ
− 1
2 Et1 =
√
Ψt−1(e1 − Θe2) Et2 = Ξt−1(e1 − (t + Θ)e2) Et3 = −t−2(te3 − Ξ2e4) Et4 = t−2e4
CD
4
112 → CD493(A) λ = 0 α = −A β = t−2 γ = 0
Et1 = t
−1e1 E
t
2 = t
−1e1 − e2 Et3 = −t−1e3 − t−3e4 Et4 = t−2e4
CD
4
112 → CD494(A,B) λ = 0 α = −A β = −t−2((B − 1)t−B) γ = −At−1
Et1 = t
−1e1 E
t
2 = t
−1e1 − e2 Et3 = −t−1e3 −Bt−3e4 Et4 = t−2e4
CD
4
112 → CD495(A) λ = t2 α = A β = t−1 γ = 0
10
Et1 = −t−1e1 Et2 = −t−1e1 + e2 Et3 = −t−1e3 Et4 = t−2e4
CD
4
112 → CD496(A) λ = 0 α = t β = −t−2((A − 1)t−A) γ = t−1
Et1 = t
−1e1 E
t
2 = t
−1e1 − e2 Et3 = −t−1e3 −At−3e4 Et4 = t−2e4
CD
4
112 → CD497(Λ) λ = Λ− Ψt α = −Ξ
√
Θt β = (1 − ΘΨ−1)Ξ2 γ = 0
Ξ = (t +Ψ − Θ)−
1
2 Et1 = Ξ
√
Θt−1(e1 − Ψe2) Et2 = Ξ(Θt)
− 1
2 (e1 − (t+ Ψ)e2)
Et3 = Ξ
2(−e3 + Ξ2Ψ−1e4) Et4 = Ξ2e4
CD
4
112 → CD498(Λ) λ = Λ− Θt α = −Ξ
√
Ψt β = (1 − ΨΘ−1)Ξ2 γ = 0
Ξ = (t +Θ − Ψ)−
1
2 Et1 = Ξ
√
Ψt−1(e1 − Θe2) Et2 = Ξ(Ψt)
− 1
2 (e1 − (t+ Θ)e2)
Et3 = Ξ
2(−e3 + Ξ2Θ−1e4) Et4 = Ξ2e4
CD
4
112 → CD499(A) λ = t(t+1)2 α =
t−A+1√
t−1
β = 1 + 1
t
γ = (1 −A)Ξ
t
Ξ = t+1√
t−1
Et1 = Ξ(−(1 + 1t )e1 + e2) Et2 = Ξ(t + 1)(− 1t e1 + e2) Et3 = Ξ2(−e3 + 1t e4) Et4 = Ξ4e4
CD
4
112 → CD4100(A) λ = − t2 + 14 α = −
√
2A β = 0 γ = 0
Et1 =
√
2t−1( 1
2
e1 − 14 e2) Et2 =
√
2t−1(e1 − (t + 12 )e2)
Et3 = −t−1e3 + 2t−2e4 Et4 = t−2e4
CD
4
112 → CD4101(A,B) λ = Ξ−2t α = −B
√
t β = Ξt−1 γ = (A−B) Ξ√
t
Ξ = t + 1 Et1 = Ξt
− 1
2 (−Ξe1 + te2) Et2 = −Ξ2t
− 1
2 e1 E
t
3 = Ξ
2(e3 + Ξ
2t−1e4) E
t
4 = Ξ
4e4
CD
4
112 → CD4102(Λ,A) λ = Λ + ΨΘ−1t α = AΛΘ
1
2 Ξt
− 1
2 β = (Θ − 2Λ)Ξ2Ψ−1 γ = AΘ
3
2 Ξt
− 1
2
Ξ = (Θ− 2Λ + t)−
1
2 Et1 = Θ
1
2 Ξt
− 1
2 (Θe1 − Λe2) Et2 = Θ
− 1
2 Ξt
− 1
2 (Θe1 + (t− Λ)e2)
Et3 = ΘΞ
2(e3 + ΘΨ
−1Ξ2e4) E
t
4 = Θ
2Ξ2e4
CD
4
102 → CD4103 λ = 0 α = 0
Et1 = −e1 + te3 Et2 = −e2 Et3 = e3 Et4 = e4
CD
4
112 → CD4104 λ = 0 α = t−1 β = t−2 γ = t−1
Et1 = t
−1e1 E
t
2 = t
−1e2 E
t
3 = t
−2e3 E
t
4 = t
−4e4
CD
4
112 → CD4105(Λ,A,B) λ = Λ α = t + t−1 β = B +At−2 γ = Bt−1
Et1 = t
−1e1 − e3 Et2 = t−1e2 Et3 = t−2e3 Et4 = t−4e4
CD
4
112 → CD4106(A) λ = 0 α = t−1 β = At−2 γ = 0
Et1 = t
−1e1 E
t
2 = t
−1e2 E
t
3 = t
−2e3 E
t
4 = t
−4e4
CD
4
112 → CD4107(Λ) λ = Λ α = 1+
√
1−4Λ
2t
β = 0 γ = t−1
Et1 = t
−1e1 E
t
2 = t
−1e2 E
t
3 = t
−2e3 E
t
4 = t
−4e4
CD
4
112 → CD4108(Λ) λ = Λ α = 1−
√
1−4Λ
2t
β = 0 γ = t−1
Et1 = t
−1e1 E
t
2 = t
−1e2 E
t
3 = t
−2e3 E
t
4 = t
−4e4
CD
4
112 → CD4109(Λ,A) λ = Λ α = 0 β = t−2 γ = At−1
Et1 = t
−1e1 E
t
2 = t
−1e2 E
t
3 = t
−2e3 E
t
4 = t
−4e4
CD
4
112 → CD4110(Λ) λ = Λ α = 0 β = 0 γ = t−1
Et1 = t
−1e1 E
t
2 = t
−1e2 E
t
3 = t
−2e3 E
t
4 = t
−4e4
CD
4
112 → CD4111(Λ) λ = Λ α = 0 β = Λ−1 γ = 0
Et1 = t
−1e1 E
t
2 = t
−1e2 E
t
3 = t
−2e3 + t
−2e4 E
t
4 = t
−4e4

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